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Abstract: We report a proof-of-principle experimental demonstration of the reconstruction and geometric
benchmarking of three-qubit pure states on IBM’s 127-qubit superconducting quantum processor, ibm_osaka.
Focusing on the three-qubit W state, we exploit the theoretical result that almost all pure 3-qubit states are uniquely
determined by any two of their two-qubit reduced density matrices. Using a 7-setting quantum state tomography
protocol, we reconstruct 2-qubit marginal states so as to obtain the parent 3-qubit state. We further employ
quantum steering ellipsoids to geometrically visualize the reconstructed subsystems. The experimentally obtained
ellipsoid semi-axes lengths, centers and normalized volumes show good agreement with the theoretical predictions,
demonstrating the usefulness of geometric benchmarking tools in the NISQ era.
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1. Introduction

Quantum state reconstruction is essential for verifying and benchmarking quantum hardware. Although
full tomography becomes impractical for large systems, theoretical insights allow global properties of a
whole system to be inferred uniquely from its reduced system data [1,2,3]. It was shown [1,2,3] that
almost all pure three-qubit quantum states are uniquely determined based on the information on two of

their 2-qubit reduced density matrices.

On the other hand, geometric picturization provide an intuitive characterization of abstract quantum
states. For example, the Bloch sphere provides a compact geometric representation [4] of a qubit. In this
picture, pure quantum states of a qubit lie on the surface of the unit sphere, while mixed states occupy its
interior, allowing a direct visualization of coherence and purity. Owing to its simplicity and intuitive
appeal, the Bloch sphere has been extensively employed in the study of quantum dynamics and it plays a
crucial role in quantum information processing. For 2-qubit systems, a deeper geometric insight arises

through the concept of quantum steering ellipsoid [5]. It has been recognized that the entire collection of
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Bloch points associated with one of the qubits, which follow after a complete set of local projective
measurements is performed on its partner qubit forms an ellipsoid, inscribed within the Bloch sphere.
Signature features like volume, orientation, and displacement of the center of the ellipsoid representing
the 2-qubit system reveal complete information about correlations, mixedness, and entanglement. This

makes steering ellipsoids a powerful and experimentally accessible visualization tool for 2-qubit states.

In this paper we combine the geometric visualization in terms of steering ellipsoids associated with
experimentally reconstructed 2-qubit states obtained using IBM’s ibm_osaka quantum processor [6,7].
Reduced 2-qubit quantum state tomography is employed to reconstruct the parent 3-qubit W state,
providing a proof-of-principle demonstration of whole pure 3-qubit state reconstruction from reduced 2-

qubit subsystems, along with geometric benchmarking of the state using steering ellipsoids.
2. Quantum state tomography to reconstruct 2-qubit system

e We employ a set of 1-qubit gates i.e., Hadamard and X, Y, Z, rotation gate Ryx(6) and 2-qubit
CNOT gate. The quantum circuit symbols and matrix representation of qubits, gates and

measurements are illustrated in Table 1.

Table 1. Quantum circuit symbol and associated matrices for qubits, Hadamard, Rotation, CNOT
gates and Z measurements.

Circuit symbol & Matrix Representation

Qubit: ° — 10> = ()

Hadamard Gate: =L [1 1 ]
= B B S|
6 .. 6
. . _ COS; —lSll’lE
Rotation Gate: —Ry(0) Rx(e)—< 2 0 )
—lSll'l; COS;
. 100 0
CNOT Gate: cNOT = [3 o 0 ‘f}
T 00 1 0

7. measurements

with outcomes 0, 1 ?* I, = (é g) I, = (g [11)
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e We employ a tomography scheme [7,8] consisting of a set of 7 quantum measurements to
reconstruct an arbitrary 2-qubit system (see Table 2). A 2-qubit quantum state is characterized by
a 4 x 4 real positive density matrix p = Y4 1234 Pap |@ XB| with Trp=1 giving normalization
condition. The probabilities of measurement outcomes given in column 2 of the Table 2 enable
evaluation of elements of 2-qubit density matrix. Note that / @ [ corresponds to measurement in

the computational (Z) basis of two qubits and it records 4 outcomes {i, j = 0, 1} with a set of 4
probabilities IS;Z = {P,,(i,j),i,j = 0,1}. This set of probabilities determine the diagonal elements
of the density matrix i.c., P,,=( p11, P22, P33) Pas)" -

o All the off-diagonal elements of the density matrix are evaluated from the probabilities of

outcomes of specific measurements given below:

Py27(0,0) — Py,,(1,0)= 2 Repys, Przz(0,1) — Pyzz(1,1)= 2 Repyy
P;47(0,0) = P,y,(1,0)=2 Repy;,  Pyyz(0,1) — Ppy,(1,1)=2 Repsy
Pzrz(0,0) = Pzg,(1,0) = 21mpy, Ppry(0,1) — Prr,(1,1)= 2Impa,
Przz(0,0) — Pryz(1,0) = 2Impy3  Pryz(0,1) — Pryy(1,1)= 2Impy,
Pcyz2(0,0) = Peyyzz(1,0) = 2Repyy (10)  Pepzz(0,1) — Pepzz(1,1) = 2 Repys
Pcrzz(0,0) — Pegzz(1,0) = 2 Impy, (12)  Pcrzz(0,1) — Peryz(1,1) = 2 Impys.

e This 2-qubit tomography scheme is implemented experimentally on the 127-qubit
superconducting quantum processor ibm_osaka accessed through the IBM quantum cloud
platform [6]. Qubits q97, q98 and q99 of ibm_osaka, were selected due to their consistently low
readout error and gate errors.

e  We constructed the 3-qubit W state

(Wipce) = |1AOBOC>+|0A\1/I§OC)+|OA031C) (1)

and carried out quantum state tomography (see Table. 2) to reconstruct two of the reduced
2-qubit density matrices pyp and pgc of the W state. Following the prescription given in
references [2,7] for determining the whole pure 3-qubit state from two of its bipartite marginals
we retrieve the W state. This provides a concrete demonstration of the theoretical result that any

two of the 2-qubit marginals determine the full 3-qubit pure state uniquely.
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Table 2. Quantum tomographic scheme for reconstructing 2-qubit state.

Tomographic Experimental probabilities of z measurements on both the qubits Elements of the

operations with outcomes i,j =0,1 density matrix p
IQ1 B,= {Po(i,)) = Tr(p TI; @ 1)} P11, P22, P33 Paa
H®I Prizz = {Puzz(i,j) = Tr(p H T H @ TI)} Repys, Repay
I ® Ry(m/2) Porz = {Poro (i) = Tr(p Tl; ® Ryx(w/2) 1Ry " (/2))} Imp15, Imps,
IQH Pouz = {Panz(i,)) = Tr(p1; ® H I;H} Repiz, Repss
Ry(m/2) @1 Praz = {Przz (i) = Tr(p Ry(/2) iRy (/2)) ® 1 } Imp; 3, Impzs
(H ® I) CNOT Petzz = {Pctizz(i,J) = Tr(p CNOT H II;H ® I1; CNOT} Repia, Repys
(Ry(mc/2) ﬁCRzz = {PCsz (%)) Impy4, Impy3

3. Geometric visualization in terms of steering ellipsoids

Our geometrical embedding is based on the 4x4 real matrix parametrization [5] A of the 2-qubit density
matrix defined by p = i ;?l.v=0 Ay 0, @ 0y, u,v =0,1,2,3. Here gy denotes the 2 X 2 identity matrix

and g4, 0,, 05 are the standard Pauli matrices. The real parametrization

T
-9
a T
expressed in block form, consists of the Bloch vectors (a, b) of the constituent qubits and the correlation

matrix T = (tl-j =Tr[po;® 0]-]), i,j=123.

Let us suppose that a 3-qubit state p,pc is shared between three parties Alice, Bob and Charlie. We
denote the reduced subsystems of Alice-Bob, Bob-Charlie, Alice-Charlie by pag, prc, pPac respectively.
Let Bob carry on a set of all projective measurements on his part of the qubit. It is shown [5] that the
collection of collapsed Bloch vectors of Alice’s qubit (obtained after Bob perform all possible projective

measurements on their qubits) forms an ellipsoid, called the steering ellipsoid €, , centered at

__a-Tb
CA_ 1—b2

with orientation and semiaxes given by the eigenvectors, square roots of the eigenvalues (denoted by

(51, 52,53)) of the 3 X 3 real matrix

T
Qa= —= (T —ab™) (1 +25) (77 = ba").
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Similarly, one obtains the ellipsoids E€g, €, for the collection of collapsed Bloch points of qubits at the
end of Bob and Charlie. For the 3-qubit W state given in equation (1), the subsystem states are all
identical; the steering ellipsoids are centered at Cipeoreticat = (0,0,0.5) with semi-axes lengths given by
(sy = s, = 0.71,s3 = 0.5). Normalized volume of the ellipsoid defined by V = 515,53 of the

subsystem steering ellipsoid is found to be Vipeoretical = 0.25.

s

= e —
S h————

sa: (0.72, 0.68, 0.49) sg: (0.73, 0.68, 0.5) s¢: (0.72,0.67, 0.49)
ca: (0, -0.04, 0.48) cg: (0.03,0,0.49) cc: (0.03, -0, 06, 0.49)
V, ~0.24 Vg~ 0.25 Ve~ 0.24

Figure 1: Steering ellipsoids, €4, €g, €, the experimentally reconstructed 3-qubit W state. The ellipsoids
are embedded within the Bloch sphere. The semi-axes lengths, centers and normalized volumes
mentioned below each of the ellipsoids match with the theoretical counterparts within experimental limits.

We employ our experimental data to determine the center and semi-axes lengths of the steering ellipsoids
of all the reduced states p4p, Ppc, Pac enabling geometrical visualization of the 3-qubit W state. The set
of 3 steering ellipsoids €, €p, €. associated with experimentally retrieved 3-qubit W state are depicted in
Fig. 1. The semi-axes, normalized volumes and orientations of the steering ellipsoids closely match with
the theoretical expectations for the W state, with small deviations attributed to noise and finite statistics.

The consistency across different subsystems supports the reconstruction of the parent three-qubit state.

4. Conclusion

We have carried out quantum tomography of reduced 2-qubit systems of the 3-qubit W state using a set of
7 measurements on the qubits 97,98,99 of the 127 qubit IBM processor ibmg osaka. The subsystem
information enables recreation of the W state consistent with the theoretical result viz., almost every pure
three-qubit state can be determined completely by two of its two-qubit reduced density matrices. The

experimental data is employed to visualize the 3-qubit W state in terms of a set of three steering ellipsoids
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associated with the 2-qubit subsystems. Our study demonstrates the feasibility of mapping experimentally
obtained quantum state data onto a geometric framework for pure 3-qubit states using current quantum

hardware.
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