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Abstract: Circular current loops are foundational to understanding electromagnetic devices like solenoids and transformers, 

with critical applications in metal detection, magnetic confinement, and wireless power transfer. Although the magnetic flux 

density field along the loop's axis is easily derived, calculating it at arbitrary off-axis points is analytically challenging, often 

leading to treatments that present results without a clear derivation. This study addresses this gap by providing a detailed, 

pedagogical calculation of the magnetic flux density, B, derived rigorously from the magnetic vector potential, A. While 

calculations are possible in Cartesian or spherical coordinate systems, we demonstrate that the cylindrical coordinate system 

is preferable, as it naturally exploits the cylindrical symmetry of the problem. This choice leads to a logically streamlined 

path to the solution, which is elegantly formulated in terms of complete elliptic integrals of the first and second kind. The 

derivation yields explicit expressions for the radial and axial field components at any point in space, while the azimuthal 

component vanishes due to symmetry. As a critical validation, we recover the standard elementary expression for in-plane 

and on-axis fields as a limiting case of the general solution. This work consolidates classical results into a unified and 

transparent framework that serves a dual purpose: it demystifies the underlying mathematics for students and educators. It 

provides a reliable, efficient analytical tool for benchmarking numerical simulations in engineering and research. By 

clarifying the derivation from first principles, this study strengthens the theoretical foundation for modeling circular current 

loops and broadens their practical applicability. 
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1. Introduction 

 
The magnetic flux density field generated by a circular current loop is a foundational problem in 

electromagnetism, with critical applications spanning physics and engineering, from the design of solenoids and 

transformers to particle accelerators and magnetic resonance imaging. While the field along the loop’s axis is 

readily derived from the Biot-Savart law and is a staple of undergraduate curricula 1-4, the determination of 

the field at arbitrary off-axis points presents a significant challenge. Direct application of the Biot-Savart law for 

any point yields integrals that resist expression in elementary functions, necessitating the use of special functions 

such as complete elliptic integrals.  

 This challenge is not merely academic. Cylindrical coils with helical windings, such as solenoids, are 

fundamentally modeled as superposition of individual circular loops. Consequently, an accurate and general 

analytical expression for the field of a single loop is essential for modeling these complex systems [5–6]. Two 

primary analytical approaches exist for this problem: the direct integration of the Biot-Savart law and the 

computation of the magnetic flux density (B) as the curl of the magnetic vector potential (A). The relative 

simplicity of each method depends on the specific geometry and the desired outcome, yet a clear, pedagogical 

comparison focusing on the vector potential approach is often lacking in the literature. 

 Indeed, while the analytical expressions for the off-axis field components are well-known and have been 

presented in various forms, their detailed derivations are frequently omitted. For instance, the axial and radial 

components of B are often stated without demonstration [7–9], as exact calculations are straightforward only 

along the loop's axis. This has led to a situation where undergraduate students typically only compute the axial 

field, while the more complex off-axis problem is avoided. Historical and contemporary works, from Smythe's 
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1989 classical treatment [10] and Callaghan and Maslen's analysis of finite solenoids [11] to more recent 

publications by Simpson et al. [8] and González and Cárdenas [12-13], provide the results but often in a form 

that is dense and difficult for students and practitioners to follow. Smythe’s treatment, while comprehensive, is 

particularly concise, underscoring the need for a more transparent and pedagogical derivation. 

 Therefore, although circular current loops are widely studied, a comprehensive and accessible treatment of 

the magnetic flux density at any point in space, derived rigorously from the vector potential, remains limited. 

This study aims to fill this gap by providing a systematic and pedagogically clear derivation of the magnetic 

field generated by a filamentary, planar, circular current loop. The primary objective is to elucidate the path 

from the vector potential A to the flux density B (B=∇×A) in cylindrical coordinates, leveraging the inherent 

symmetry of the problem. 

 The specific objectives of this work are: 

1. To present a step-by-step derivation of the magnetic vector potential and its subsequent curl, expressing the 

components of B explicitly in terms of complete elliptic integrals of the first and second kinds. 

2. To demonstrate the recovery of the elementary on-axis field expression as a limiting case of the general 

solution, thereby validating the derived expressions. 

3. To provide a unified framework that is both rigorous and accessible, serving as a valuable resource for 

education and as a reliable benchmark for numerical simulations in research and engineering applications. 

By offering a transparent and detailed calculation, this study not only clarifies the underlying mathematics 

but also provides a robust analytical tool for accurately modeling magnetic fields in applications ranging from 

sensor design to the analysis of complex electromagnetic systems. 

  
 

2. Materials, Methods, and the Vector Potential Calculation 

2.1. Problem Geometry and Symmetry Analysis 

We consider a filamentary, planar, circular loop of radius R carrying a steady current I. The loop lies in the z = 

0 plane, centered on the origin of a cylindrical coordinate system (ρ, , z), as depicted in Fig. 1. 

 In cylindrical coordinates, the general expression of the vector potential at any point P in space should be 

written as follows: 

zz zAzAzA uuu ) ,,() ,,() ,,(   ++=A                                            (1) 

 

The inherent symmetries of the system dictate the form of the magnetic vector potential, A. The circular loop is 

invariant under rotations around the z axis. Furthermore, any plane containing the z axis (a ρ-z plane) is an 

antisymmetry plane for the current distribution. Because A is a true vector, it must be perpendicular to these 

antisymmetry planes. This symmetry analysis leads to two critical conclusions:  

1. The components of A contained within the ρ-z plane must be zero (A = 0 and Az = 0) and the Eq. (1) of the 

vector potential simplifies to: 

  u) ,,() ,,( zAz =A                                                                (2) 

 

2. The only non-vanishing component is azimuthal, A , and due to rotational symmetry, it cannot depend on 

the azimuthal angle . Therefore, the vector potential simplifies to:  
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  u) ,() ,( zAz =A                                                                     (3) 

 

where A is a function only of ρ and z. This establishes the implicit form of the potential before its explicit 

calculation. 

 

Figure 1. Current loop lies in x-y plane. The field point P has cylindrical coordinate (ρ, z). 

 

2.2. Magnetic Vector Potential Determination 

For a filamentary loop C, the magnetic vector potential at a field point r is given by 14,15: 
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A                                                                       (4) 

 

where d is the differential length segment of the loop at the source point P indicated by the position vector r', 

and 0 is the permeability of free space. 

The position vector r, indicating point P, can be written as: 

             
zz

r r

uu

ur

+=

=


                                                                          (5) 

where                                   sinr= , and cosrz =                                                                 (6) 

Exploiting the rotational symmetry, we perform the calculation in the x-z plane without loss of generality. In this 

plane, the field point is r = (ρ, 0, z). A source point on the loop can be parameterized by the angle α as: 

 

0),sin,cos('  RR=r                                                                     (7) 

 

The displacement vector from the source point P′ to the observation point P is:  

 

),sin,cos(' zRR  −−=− rr                                                      (8) 
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 Subsequently, the distance between the source and field points is: 

 

)cos2' 222  RzR −++=− rr                                                       (9) 

 

The corresponding differential length element is: 

  

)cossin( jiud   +−== dRRd                                                 (10) 

 

Substituting relations (10) and (11) into the integral for A Eq. (4), the general expression for =0 is: 

 


−++

+−
==













2

0
2/1222 )cos2(

cossin

4
) ,() ,(

0

RzR

dd
R

I
zAz

ji
uA                               (11) 

 

The i-component integrates to zero over α∈[0,2π] due to symmetry. 

To demonstrate this, assume that  
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We find the vector potential has only a j-component in the x-z plane. Thus, Eq. (11) simplifies to: 
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Since j  corresponds to u at  = 0, the general expression for any  is: 
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This is the fundamental analytical expression for the vector potential of circular current loops. At the center of 

the loop, 0)0,0( =A , and at the loop’s filament, )4(10)0,(
0

RIRA  = . 

  

2.3. Formulation in Terms of Complete Elliptic Integrals 

The integral for A is evaluated by expressing it in terms of standard complete elliptic integrals. Exploiting the 

evenness of the integrand, the limits can be reduced to [0,π]: 
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At this stage, integration by substitution is employed by introducing the following change of variable:  

 2−= ,  dd 2−= . If  0= then
2


 = , and if  =  then 0=  
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−=−=−=−=                                 (15) 

Following the substitution, Eq. (14) becomes: 
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q
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where k is the modulus of Jacobian elliptic functions 15-16. 

By substituting relations (17) into (16), ultimately we get: 
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After algebraic manipulation, the integral for A (, ) becomes a linear combination of two standard complete 

elliptic integrals. Thus, Eq. (18) can be rewritten in the following form: 
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Among these two integrals, one can be identified as the complete elliptic integral of the first kind, commonly 

denoted K(k), which is defined as 17-18: 


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Especially, at k = 0, K(0) = /2; when k → 1,  K(k) → .  
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According to Arfken & Weber 17 and Weisstein 19, when k2 =1, the function value is infinite.  

For 0  k2 1, the function value is finite but increases as k2 increases, as shown in Fig. 2. 

The other integral in Eq. (20) can be identified as the complete elliptic integral of the second kind, commonly 

denoted E(k), which is defined as 16, 19-20: 

 −=

2/

0

22 sin1)(



 dkkE                                                             (21) 

For k2 = 0, E(0) = /2, for k2 = 1, then E(1) = 1. 

 

 

 

 
 

Figure 2. Complete elliptic integral of the first and second kind as a function of the modulus k. 

At k2 = 1, (k) diverges, i.e.,  when k2 → 1, (k) → . 

 

Reexamining Eq. (19), it is evident that it encompasses the special case of the complete elliptic integral of the 

first and second kinds. Accordingly, the vector potential can be expressed as: 
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which leads to the following standard form after rearranging 10-11:  
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Rearranging, Eq. (23) becomes 21: 
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This is a canonical form of the vector potential of current loops. This expression for A (ρ, z) is valid for all 

points in space except the line ρ = 0 (on-axis), where the limit must be taken separately. En effect, at  = 0 the 

factor R is singular but the bracket tends to zero in such a way that the limit is zero. 

  

2.4. In-Plane and On-Axis Potential Calculation 

The magnetic vector potential A for any point in space can be computed by determining the parameter k from 

Eq. (17) and using tabulated values of the complete elliptic integrals K(k) and E(k). This provides an analytical 

approach via Eq. (23). An alternative is the direct numerical evaluation of the integral form given by Eq. (13). 

This section details the numerical methodology and presents the results for the specific case of points lying 

within the plane of the loop itself. 

 Owing to the loop's axisymmetric geometry, the vector potential is purely azimuthal. As established by Eqs. 

(3) and (13), the field points strictly perpendicular to the ρ-z plane. Consequently, by symmetry, the bi-

dimensional distribution is fully characterized by calculating the potential along a single radial line in the plane, 

with the complete field distribution obtained by azimuthal rotation. 

 To simplify the numerical calculation, we introduce normalized spatial variables: 

R
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where R is the loop radius. This transformation renders Eq. (13) into a dimensionless form:  
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In-Plane condition, i.e., z=0 (θ=π/2 in Fig. 1), b=0 and a=r/R, where r is the radial coordinate. Under this 

condition, Eq. (25a) simplifies to a form suitable for numerical integration. The integral was evaluated using a 

discretization approach. The numerical approximation of the integral is given by: 
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  are the discrete angular values,  
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and =2/N is the constant step size. The accuracy of this approximation increases with the number of steps N.  

For this study, a value of N=200 was selected, providing a robust compromise between computational efficiency 

and precision (a
0
= 0, a

1
= 2/200, a

2
= a

1
+2/200, a

3
= a

2
+2/200,  …, a

200
= a

199
+2/200= 2). 

The normalized vector potential A computed using this numerical method is presented in Table 1 as a function 

of the relative radius a=r/R. The corresponding curve is also visualized in Fig. 3. The curve shows that the 

integral in Eq. (25a) is therefore continuous, vanishing at the center of the loop and asymptotically approaching 

zero with a → . In contrast, its value on the loop’s filament is finite. 

   

Table 1. Normalized Magnetic Vector Potential in the Plane of the Circular Loop. 

a = r/R A /μ0I/(4πR)  a = r/R A /μ0I/(4πR) 

0,00 0,00 1 9,99 
0,10 0,32 1,02 7,79 
0,20 0,64 1,04 6,48 
0,30 0,98 1,06 5,67 
0,40 1,34 1,08 5,09 
0,50 1,75 1,1 4,64 

0,60 2,22 1,12 4,28 
0,70 2,80 1,14 3,98 

0,8 3,59 1,16 3,72 
0,82 3,80 1,18 3,49 
0,84 4,02 1,2 3,29 
0,86 4,28 1,3 2,55 

0,88 4,58 1,4 2,07 
0,9 4,92 1,5 1,73 

0,92 5,35 1,6 1,47 
0,94 5,90 1,7 1,27 
0,96 6,66 1,8 1,11 
0,98 7,91 1,9 0,98 

1 9,99 2 0,87 

 

 Positive sign of the potential indicates that the vector A is oriented in the direction of the unit vector u 

implied by the current direction, consistent with the right-hand rule. 

 

Figure 3. Magnetic vector potential amplitude in the plane of a circular loop as a function of the normalized radius. 

The potential vanishes at the center (a=0) and has a finite limit at a=1. 

 To accurately model a physical conductor with finite volume and avoid the unphysical singularities 

associated with idealized line currents, the vector potential must be formulated in terms of a more general 
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volume integral. Within the conductor's cross-section, the potential is thus finite and governed by an expression 

of the form 21, 22: 
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where J is the current density and 0 is the permeability of vacuum.   

 

Furthermore, for comparison, the analytical expression of Eq. (23) was also evaluated for the in-plane case. 

With k2=4a/(1+a)2, it reduces to 
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The results from this analytical method are in exact agreement with the numerical integration, producing the 

same curve shown in Fig. 3. This validates the numerical procedure. 

 Finally, it is noted that on the axis of the loop (ρ=0,a=0), the parameter k2=0. Since K(0)=E(0)=π/2, Eq. 

(23) confirms that the vector potential is zero at all points on the z axis, as required by symmetry. 

 

3. Magnetic Flux Density Derivation from the Vector Potential 
 

In cylindrical coordinates, the implicit function of the magnetic flux density vector in 3D-space is: 

 

zz zBzBzBz uuu ) ,,() ,,() ,,(),,(   ++=B                                        (28) 

 

The inherent symmetries of the system dictate the form of the magnetic flux density vector, B. The circular loop 

is invariant under rotations around the z axis. Furthermore, any plane containing the z axis (a ρz-plane) is an 

antisymmetry plane for the current loop. Because B is a pseudovector, it must be contained in these 

antisymmetry planes. This symmetry analysis leads to two critical conclusions:  

3. The components of the flux density vector B contained within the ρ-z plane must be non-zero (B0 and 

Bz0), the azimuthal component vaniches by symmetry (B=0) and Eq. (28) reduces to 

 

zz zBzBz uu ) ,,() ,,(),,(   +=B                                                     (29) 

 

4. The field possesses no azimuthal component. Therefore, the general expression for the flux density 

vector simplifies to  

zz zBzBz uu ) ,(),(),(   +=B                                                     (30) 

 

 This establishes the implicit form of the flux density before its explicit calculation. 
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The magnetic flux density B is related to the vector potential via the curl operation,  B=∇×A, a relation that 

holds under the Coulomb gauge  (∇⋅A=0). In cylindrical coordinates, the curl of A Eq. (1) is given by: 
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From symmetry, the vector potential possesses only an azimuthal component, A, which is a function solely 

of ρ and z, i.e., Aρ=0 and Az=0. Applying these conditions to Eq. (31) yields the components of B: 
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This result is consistent with the form postulated in Eq. (30). 

The subsequent derivations detail the calculation of these components from this formulation. 

The following derivatives are needed to continue 15-17: 
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3.1. Radial component B (, z) 

From Eq. (32), the radial component is given by Bρ=−∂A/∂z. To compute this derivative, we use Eq. (23) which 

expresses A as a function of the modulus k, which itself is a function of ρ and z.  

Applying the chain rule: 

z

k
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                                                                        (35) 

From (17), we have:  
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Express A  given by the function (23) as a function of k. 

Let  

)()()
2

1
1()(

2
kEkKkkf −−=                                                             (37) 

so that 
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
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Dufferentiating A with respect to k: 
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Differentiating f(k) with respect to k,   
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1
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By substituting K(k) and E(k) by (33) and (34) respectively,  
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Simplifying,  
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Substituting in Eq. (39) and doing algebraic operations, Eq. (39) becomes:  
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Substituting Eqs. (36) and (43) into Eq. (35), we obtain:  
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The two minus signs cancel.  

Simplifying by using again
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 given by Eq. (17) and rearranging terms yields: 
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 A significant simplification is achieved by substituting the geometric relation 




 2
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Eq. (45) becomes:  
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Substituting k2 by its expression in Eq. (17) again and after algebraic manipulations, the elliptic fraction equals 

the geometric ratio as follows:  
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Substituting, Eq. (46) yields 
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From Eq. (32), the canonical form of B (, z) finally is:  
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3.2. Axial component Bz (, z) 

From Eq. (32), the axial component is given by: 
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So first compute A (, z), for this, multipling Eq. (23) by  as follows: 
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Simplifing by the square root factor:  
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Differentiate Eq. (49) with respect to  as follows: 
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This derivative involves three types of dependences:  

1. Explicit  dependence forme the R . 

2. )(k dependence in the denominator and inside the bracket.  

Recall from Eq. (17) that: 
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So both numerator and denominator depend on .  

3. Dependence of K(k) and E(k) on k. For this, we need derivatives  given by Eqs. (33) and (34) above.   

So the derivative is a product and chain rule problem.  

Let’s define for clarty:  
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Substituting f(k) Eq. (37) and g(, k) into Eq. (52), we obtain:  
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where 
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From (17), we obtain:  
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and from Eq. (42),  
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Differentiate )( kg , with respect to  and using product + chain rule:   
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Combine (55), (56) and (57), and after all algebra (lots of cancellations with the chain rule), Eq. (57) condenses 

beautifully into the known compact formula: 
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Equations (48) and (58) provide the canonical formulas for the magnetic flux density field of a circular current 

loop in a closed analytical form involving complete elliptic integrals of the first and second kinds. 

 

4. Results 

Consequently, we arrive at explicit expressions for the magnetic flux density field vector components in (30) as 

in (32). The azimuthal component is zero, 0),( =zB  . The radial and axial components of the magnetic flux 

density field vector of a circular current loop at every point in space are as follows: 
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The calculations of the complete elliptic integrals into Eqs. (20) and (21) can be performed using 

software such as MATLAB, MATHEMATİCA, and ALGLIB Elliptic Integral subroutines for C++ / 

Java / Python. 

Numerical values of B and Bz can be computed for any values of  and z by finding k from (23) and looking up 

the corresponding values of K(k) and E(k) in the corresponding tables. 

 

5. Analysis of the Magnetic Flux Density 
 

With the vector potential established and the general expressions for the magnetic flux density components Bρ

 and Bz derived, we now analyze the field in two critical configurations: within the plane of the loop and along its 

central axis. These cases provide valuable insight into the field's behaviour and allow for direct comparison with 

well-known results. 

 
5.1. Field Distribution in the Plane of the Loop 

 

The magnetic flux density field within the plane of the loop (z=0 plane) exhibits a high degree of symmetry 23. 

The radial component Bρ vanishes everywhere in this plane, resulting in a field that is strictly perpendicular to it. 

It is therefore sufficient to compute the field along a single radial axis, with the full two-dimensional distribution 

obtained by rotational invariance. 
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 To facilitate this analysis, we use the normalized coordinates a=ρ/R and b=z/R Eq. (24), where  

and z are already in Eq. (6). Eqs. (48) and (58) become: 
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Substituting b=0 into Eqs. (59) and (60), and noting again that for z=0, a=r/R, we find that the radial 

component Bρ is identically zero. The axial component, however, is non-zero and simplifies to: 
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where k2=4a/(1+a)2.  

 At the very center of the loop (a=0), the parameter k2=0, and the complete elliptic integrals take the 

values K(0)=E(0)=π/2. Equation (61) thus reduces to the classic result: 
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Normalizing the general expression (61) by the central field (62) yields the dimensionless field strength in the 

plane of the loop: 
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The evaluation of Eq. (63) relies on the computation of the complete elliptic integrals, a task for which modern 

mathematical software (e.g., MATLAB, Python's SciPy) provides robust numerical routines. Care must be taken 

in the numerical evaluation as a→1, where k2→1, as this is a singular limit for these integrals. 

 

The profile of the normalized flux density, given by Eq. (63) and plotted in Fig. 4, reveals several key features. 

The field is finite and maximal at the center (a=0) and is continuous for both a<1 (inside the loop) and 

a>1 (outside the loop), asymptotically vanishing as a→∞. A divergence appears precisely at a=1, which 

corresponds to the location of the current filament itself. This unphysical singularity is a direct consequence of 

modeling the loop as a one-dimensional, zero-thickness conductor. In any physical circuit with finite cross-

sectional dimensions, the field at the conductor's edge remains finite 22. 
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 The sign of Bz is positive for a<1 and negative for a>1. This reflects the direction of the magnetic field 

lines: inside the loop, the field is oriented along the positive z axis, while outside, it points in the negative z-

direction as shown in Fig. 5, forming closed loops that circulate around the current-carrying wire. 

 

 
 

Figure 4. Normalized magnetic flux density Bz/Bz(0) in the plane of a circular current loop as a function of the normalized 

radial distance a=r/R. The divergence at a=1 is an artifact of the idealized filamentary current model. 

    
5.2. Field Distribution Along the Axis of the Loop 

 

The field along the loop’s axis (ρ=0) represents another case where the general expressions simplify 

considerably. Substituting a=0 and b=z/R into Eqs. (59) and (60), we find k2=0, K(0)=E(0)=π/2, and the radial 

component Bρ vanishes identically. The axial component reduces to the well-known expression: 
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This is the classic result for the on-axis field of a circular loop which found in the most textbooks of 

Magnetostatics. The field is purely axial, as required by symmetry, and decreases with distance ∣z∣ from the 

loop's center 24-27. By using Eq. (24), we obtain: 
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where b = z/R. 

 

6. Conclusion 
 

This article has presented a rigorous and pedagogically clear derivation of the magnetic flux density, B, for a 

circular current loop by starting from the magnetic vector potential, A. We have demonstrated that the use of a 

cylindrical coordinate system is not merely convenient but logically imperative, as it naturally exploits the 

system's symmetry and provides the most streamlined mathematical pathway. 

 The central result of this work is a set of exact, general expressions for the magnetic induction components, 

elegantly formulated in terms of complete elliptic integrals of the first and second kinds. This approach 

successfully unifies the treatment of both on-axis and off-axis fields, demonstrating that the well-known 

elementary formula is a specific limiting case of this comprehensive solution. Beyond its pedagogical value in 
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demystifying a classic problem, this formulation serves as a vital analytical tool. It provides a precise, closed-

form benchmark for validating numerical simulations in computational electromagnetics, which is critical for the 

design of devices like solenoids and wireless power transfer systems 28-30. 

 By clarifying the direct path from the vector potential to the physically measurable magnetic induction 

field, this work strengthens the theoretical foundation for modeling circular currents. The methodology 

established here is readily extendable to more complex systems, such as multi-loop solenoids, ensuring its 

continued relevance in both academic and engineering contexts. 
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